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This note is closely related to the author’s paper [7] which we refer to 
for motivation and applications of the notion of a linearly reductive formal 
group. 
Let k be a field, let F= F(X, Y)=(F,(X, Y), . . . . F,(X, Y)), X= 
(Xl 9 .-., Xn), y= ( Yl, . . . . Y,), be an n-dimensional formal group over k, and 
let S(X) = (S,(X), . . . . S,(X)) be the unique sequence of formal power series 
in k[XJ such that S(O)=0 and F(S(X), X)=0= F(X, S(X)); see [2]. For 
any vector space V (over k) and any sequence of variables 2 = (Z,, . . . . Z,) 
we denote by V[[a the vector space of all formal series C,, N4 v,Z” with 
V,E v, ZU=Zl;’ .--Z? for U= (ul, . . . . u,), and with the coefficients-wise 
addition and multiplication by t E k (as usual N stands for the set of all 
non-negative rational integers). Recall [4,7] that an F-module is a vector 
space V together with a linear map cp: V -+ V[XJ such that if q(u) = 
C, cp,(u) X”, then R,(U) = u and C,., vu. q,,(u) X”Y” = C, q,(v) F(X, Y)” 
(in VIA’, Yj) for all v E V. Given an F-module cp: V+ V[Xl, the dual 
vector space V* will be viewed as an F-module in the following way. 
Let S,: V[XJ -+ V[Xj be the linear map defined by S,(C, v,XU) = 
C, v,S(X)” and let QU: V + V, u E N”, be the linear maps determined by the 
equality S,(cp(v)) = C, ~Jv) x”, v E V. Then it is easy to verify [7, Sect. l] 
that qD* : V* + V*[XJ, q*(f) = C, (fo 4,) x”, is an F-module structure on 
V*. If q : W + W[Xj is an F-module, then the vector space ( w  E W, 
q(w) = W} will be denoted by WF. 
1. DEFINITION [7]. The formal group F is said to be linearly reductive 
if for each finite-dimensional F-module V and 0 # v0 E VF there exists an 
f Ed such thatf(v,)#O. 
*This result was to be proved (see [7]) in our paper “Coreductive Hopf algebras and 
invariants” (in preparation). We have decided to publish it independently. 
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It has been proved in [7] that the formal group F is linearly reductive if 
and only if every finite-dimensional F-module is a direct sum of simple 
submodules. Moreover, if char(k) = 0, then the latter is equivalent to the 
semi-simplicity of the Lie algebra of F. 
The purpose of this note is to prove the following. 
THEOREM. ,?f char(k) = p > 0, then the formal torus FCm) = X-f- Y + 
xY=(xl+ Y,+X,Y,,..., X,, + Y, + X, Y,,) is a linearly reductive formal 
group for all n 3 1. 
2. Remark. If char(k)= 0, then F’“’ is not linearly reductive by [7, 
Remark 3.51. 
For a proof of the theorem we need a Hopf algebra counterpart of the 
notion of a linearly reductive algebraic group in the sense of [S], and an 
auxiliary lemma. 
Let H be a Hopf algebra over k and let S: H -+ H denote the antipode of 
H. It is well known that if cp : V-+ I’@ H (0 = Ok) is a finite-dimensional 
H-comodule, then I’* admits a natural H-comodule structure 
4o*- . I’* -+ V* 0 H. More precisely, if vl, ,.., v, is a basis of V, if 
cp(vJ = c, v,@ hIi, and if v:, . . . . v,* is the dual basis, then 
q*(v~)=~,~~@S(h~), i=l,..., r. Given an H-comodule cp : W + W@ H7 
we denote by WH the vector space {w E W, q(w) = w  @ 1). 
3. DEFINITION. The Hopf algebra H is called linearly coreductive if for 
any finite-dimensional H-comodule I/ and 0 # V@E V”, there exists an 
f~ ( V*)H such that f(vo) # 0. 
It is easy to see that if the field k is algebraically closed, if G is an 
algebraic group over k, and if k[G] is the Hopf algebra of all regular 
functions on G with values in k, then G is linearly reductive if and only if 
k[G] is a linearly coreductive Hopf algebra. Furthermore, one may show 
that a Hopf algebra B is linearly coreductive if and only if every finite- 
dimensional B-comodule is a direct sum of simple subcomodules. 
4. EXAMPLE [6, p. 921. Let G be an abstract group and let kG denote 
the group algebra of G over k. Then as one knows kG together with 
A: kG-+kGQkG, S:kG-+kG, e:kG+k given by A(g)=g@g, 
S(g) = g-‘, s(g) = 1, g E G, is a Hopf algebra. We claim that kG is linearly 
coreductive. To establish this, assume that cp : Y -+ I’@ kG is a finite-dimen- 
sional kG-comodule and 0 # v0 E VRG. Then q(v) = 2, ~Jv) 0 g for some 
linear maps 40,: V 4 V, g E G. Choose f’ E V* such that f’(v,) = 1 and set 
f =f’ocp,, where e is the neutral element in G. Since ~~0 qgl = qpp for 
g = g’, and 0 otherwise, one readily checks that f e ( V*)kG. Moreover, 
f(vO) =f’(v,) = 1. Thus we see that kG is a linearly coreductive. 
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From now on, we assume that char(k) = p > 0. This assumption allows 
us to attach to the formal group F a sequence (F,, 4 E N ) of hite-dimen- 
sional Hopf algebras Fq defined as follows. If we set P4 = (XT”, . . . . x;‘), 
(P4, Y”“) = (Xf”, . ..) x-f, Yf”, . ..) Y;‘), qE N, and identify (k[X]/(XJ’“))@ 
(k[X]/(P”)) with k[X, Y]/(Xp’, YPq), then F, = (k[X]/(XP”), A, S, E), 
where ,d(X, + (P”)) = F,(X, Y) + (Xp’, Yp’), S(Xi+ (X@)) = Sj(X) + (A@), 
s(Xi + (P”) = 0, i = 1, . . . . IZ. In such a situation we have 
5. LEMMA. If for each q E N there is a j > q such that F, is a linearly 
coreductive Hopf algebra, then the formal group F is linearly reductive. 
Proof: Let q : W --+ W [[XJ. be a finite-dimensional F-module and let, as 
before, cp, : W -+ W, u E N n, be the linear maps defined by the equality 
q(w) =C, q,(w) X”, WE W. It is clear that for a given q, the map (pCq): 
W+ WOF,, qCq)(w) = c cp (w)O (Y + (XP4)) II II 3 makes W an Fq- 
comodule. Observe that WFo 3 WF1 3 . . . , and 0, WFq = W4 Since W is 
finite dimensional it follows that there exists a qO E N such that WF = W T 
for q > q,,. Now we may prove the linear reductivity of F. To this end take 
V, v0 as in Definition 1 and apply the above reasoning to W= V*. The 
result is that there exists a qO such that (V*)“= (V*)“q for q>qO. From 
the assumption we know that F, is a linearly coreductive Hopf algebra for 
some j>qO, As VIE V4, this makes possible to find an f E (V*)q with 
f(vO) # 0. But (V*)c = (V*)“, and so the lemma is proved. 
Proof of the Theorem. It suffices to show that the Hopf algebras FimJ, 
q E N, are linearly coreductive. Let G, denote the product of n copies of the 
cyclic group of order pq. Then a simple computation proves that the 
morphism of k-algebras J: kG, = k[X,, . . . . X,]/(X:’ - 1, . . . . X;” - 1) + Fir?) 
determined by J(Xi) = Xi + 1 + (P”), i = 1, . . . . n, is an isomorphism of Hopf 
algebras. The conclusion now follows from Example 4. 
6. COROLLARY. If the field k is algebraically closed, then every finite- 
dimensional F’“‘-module is a direct sum of one-dimensional submodules. 
Proof We need only to know that each finite-dimensional simple F’“)- 
module is one dimensional. Let cp : V+ V[[Xl be such an F(“)-module and 
let qo(v) = C, cp&) X”, VEV. Then cp,.cp,=cp,,,~cp, for all u,wEN~, 
because the formal group F’“) is commutative (i.e., F’“)(X, Y)= 
F’“)( Y, X)). So, V is a finite-dimensional vector space irreducible under the 
set Q= {cpU: V + V, u E N “} of commuting linear maps. It is well known 
that such a I/ must be one dimensional. For completeness we prove it (see, 
for instance, [3, Theorem 251). Let A E Q and let 0 # t E k be a charac- 
teristic root of A. Set V’= (V~Z V, A(v) = tv>. Then Y’ is a non-zero sub- 
space of I/ invariant under Q. Hence V’ = V, which means that A is a 
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scalar. Since this holds for any A E Q, V is one dimensional. The corollary 
follows. 
7. Remark. It was showed in [7] that each rational linear represen- 
tation V of the n-dimensional torus T” induces an PC”‘-module structure 
on the vector space V. This gives rise to the following question. Under the 
assumption that the field k is algebraically closed, is every finite-dimen- 
sional H(“)-module isomorphic to an I”‘“‘-module induced by a rational 
linear representation of T”? The answer to this question is “no” (notice that 
in the opposite case the theorem would be a consequence of the linear 
reductivity of the algebraic group T”). To see this assume that n = 1 and 
denote by E the ring of endomorphisms of the formal group I;‘“‘. Then one 
easily proves that for a one-dimensional vector space V, f = C f,X” -+ 
(cpf: T/-G Y[XJ, ~~(0) = v + cfjv), is a one to one correspondence between 
E as a set and the set of all F(“’ -module structures on V. Moreover, two 
F’“)-module structures qf and ‘pg are isomorphic if and only if f = g. Also 
it is not difficult to see that ‘pf is induced by a rational linear action of T’ 
on V if and only if f= (1 + X)j for some j E Z, where Z is the ring of 
rational integers. Let Z, denote the ring of p-adic integers regarded as the 
completion of Z in the p-adic topology. From [l, Chap. III, Theorem 3] 
we know that the ring E is complete Hausdorff in the pE-adic topology and 
that the continuous extension h: Z, + E of the natural homomorphism of 
rings Z-+E, j-+j.lE, is an isomorphism of rings. Furthermore, it is easy 
to verify that (1 + X)’ - 1 = j . 1 E for all j E Z. Consequently, if y E H,\H, 
then the structure qhCy): V+ V[XJ is not induced by a rational linear 
action of T’ on V. 
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